THE BERTINI TRANSFORMATION IN SPACE*

BY
F. R. SHARPE anp L. A. DYE

1. Introduction. Examples are known of involutorial transformations 7
having an invariant pencil of planes through a line /, such that in each plane
of the pencil there is a transformation of the Geiser or the de Jonquiéres type.
We have shown in this paper that involutorial transformations exist which
have in-each plane through / a Bertini transformation with 6 of the funda-
mental points lying on a Cs, p =3, the other two being on /, and either fixed
or variable. There is another type in which 6 of the 8 fundamental points lie
on a Cs, p=4, and in every plane through / there is a degenerate Bertini
transformation. A third type is discussed in which there is a net of invariant
quartic surfaces through a Cy, p=14. The method of obtaining this last
transformation leads also to an involutorial transformation with a net of in-
variant surfaces of order #+1 through a C;,_; of genus 12#—19. This type
has on each plane through / a Geiser transformation having the 7 fundamental
points on Csn_s.

2. The involutorial Bertini transformation Iz on a cubic surface Fs.
The conics tangent to a cubic surface F; at two fixed points Oy, O; meet Fs in
two residual points P, P’ which are conjugate points of an involutorial Ber-
tini transformation /g on Fs;. The web of quadrics tangent to F; at Oy, O:
meet F; in a web of sextic curves of genus 2 which is invariant under /5 as is
also the pencil of plane sections through the line 7:0,+ 0. If the space (y) of
F; is transformed into a space (z) by means of the web of cubic surfaces
through a fixed Cs, p =3, on F3, then F; is transformed into a plane meeting
the fundamental sextic of the transformation in 6 points Qs - - -, Qs. If
Qs, Q; are the transforms of Oy, O:, then I becomes a plane transformation
of order 17, a line going into a Cy;:8Q°. The image of each six-fold point Qs
isa Ce:Q3+7Q72 (j#1). The line Q1Q: is the transform of a cubic curve on
F; through Oy, O,.

Analytically, if =0, y, =0 are the planes tangent to F;at 0,=(1, 0,0, 0),
0.=(0, 1, 0, 0), the equation of F; may be written

(1) Ay1+ By: + C = yi1(a*y1y2 + @) + 3289192 + B) + v31y2 + 8 = 0,

where a, 8, v, d are binary forms in vs, 4. The transformation /5 is defined by

(2) Ayl = Bys, By; = Ay, ¥4 = ¥3, 3{ = Ya.
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The images of Oy, O: are the sextics in which the quadrics 4 =0, B=0 meet
F,. Since the second polars of O,, O, differ from 4, B by terms containing
ye, y1 respectively, the quadrics have second-order contact with F; at Oy, O,
respectively and meet Fj in sextics having triple points at O,, O, respectively.

3. The transformation I 5 for a pencil of cubic surfaces. Since a point P
determines an F; of the pencil (parameter \) on which P’ can be found by
the method of §2, we can define involutorial space transformations by either
taking O, O: as fixed points lying on each F; of the pencil, or by taking one
or both of them variable (the coordinates being functions of ), on a rational
curve lying on each Fs.

4. Case I, Oy, O, are fixed. For this case we take a pencil of cubic surfaces
F; having in common a Cy, p =10, through 0,=(1, 0, 0, 0), 0,=(0, 1, 0, 0),
and write the equation of the F; in the form

F3 =F{ — \F{'
3)
= axf 22 + bxxd + cxl + dwixe + ex? + fx1+ gra+ £ =0,

where a=a’—\a"’, etc.,and ¢/, ¢”’, etc., are binary forms in x3, x4. A change of
coordinate system given by

4 yi=bxi+e y2=axs+c¢, y3= %3 Y¢= %

will express F; in the form (1). The transformation (2) in terms of x; is
x2{ = (ax:B + ¢B — ed)Ba,

(5) x¢ = (bx1d — ¢B + eA)Ab,

xf = x34Bab, x{ = x4 Bab.

The surface of invariant points K =4,4 —y,B =0 contains ab as a factor as
does the transformation (5). The forms 4, B are of degree 4 in X and of de-
gree 2 in x,, so that the x/ are of degree 5 in x; and of degree 8 in \. If \ is
replaced by Fy /F{’ we have an Iy in which the image of O, is 4 =0, the image
of O, is B=0, and the image of C, can be obtained by applying the transfor-
mation to an Se,. The table of characteristics of the 7, is

Or~Fii: 0y +0; +Cs,
Oy ~Fii: 0 +0; +Cs,
Co~ Fss: 01 + 05 + Co,
Si~ S O 4+ 05 + G,

Ku: 07 +0; +Cs.
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Every plane through the line /:0,+ 0O, cuts from the Fss a composite curve
of order 56, the 7 components of which are the images of the 7 residual inter-
sections of Cy with the plane. If O; (=3, - - - ,9) is any one of these 7 points
and 60; (j=3, - - -, 9) are the others, then

0i ~ Cs: 01 + 05 + O; + 60; (i,j =3, ,9;ij).

In each of these planes there is a transformation of the Bertini type of order
29. If it is transformed by a quadratic transformation having Oi, O,, O; for
fundamental points it becomes the usual Bertini transformation of order 17
with 8 six-fold points at O,, O, 60;.

Since Cy is of genus 10 there are 11 trisecants of the Cy which pass through
O, or 0;.Any one of these 22 lines meets an Sz in 14+2-8 =30 points and
therefore lies on the Sa. These lines are the fundamental lines of the second
species in the Iy,. The surface Ry of trisecants of Cy contains Cy as an 11-fold
curve. The line / meets Ry, in 20 points not on C, from which trisecants of Cy
may be drawn. In any one of the 20 planes determined by one of these trise-
cants and [, the 6 residual intersections of Cy lie on a conic. Each of these 20
conics meets an Sy in 2-14+44-8 =60 points and therefore lies doubly on the
S39. They are the fundamental conics of the second species in the /3. The tan-
gent planes to the pencil of cubic surfaces at O, form a pencil of planes
through the tangent line to Cy at O,. The plane of the pencil which passes
through O, cuts from the corresponding F; a cubic curve with a double
point at O; and through O, and the 6 residual intersections of Cy with the
plane. There is another such cubic curve with the roles of Oy, O; interchanged.
Each of these cubics meets an Sy in 28+1446-8 =90 points and hence lies
triply on the Sz. They are the fundamental cubics of the second species in
the I5,. There exist then 22 lines, 20 conics, and 2 cubics which are parasitic
curves in the involutorial transformation /s,.

If the C, is composed of a space cubic Cs through Oy, O; and a Cg, p=3,
[Cs, Cs]=8, the surface Fs breaks up into an Fs:0.*40y*+C3 +C¢, the
image of C;, and an Fus:08 +03* +C32 +C¢'?, the image of Cq. If we trans-
form the space (x) into a space (z) by means of the cubic transformation
T3,5:Cs the pencil of F3's becomes a pencil of planes through the line !’ which
is the transform of Cs. In each plane through I’ there is a Bertini transforma-
tion of order 17. The transform of the surface F; of trisecants of Csis C¢ , and
to Oy, O, correspond the points Q1, Q. The characteristics of the Iy, in the (2)
space are

O1~Fu: 01 +0s + 1 +C&,
Or~Fu: Or + 02 + 1 +C4,
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U'~Fs: 01 +0: +1° +C3,

Co~Foi: Q1 + Q2 + 1" + C&¥,
18 18 112 16

S1~S82: 01 +0: +1 "+ Cs,

Ki: 01 +05 +1° +C3.

In the (x) space in place of the surface Ry:Cy! of trisecants of Cs we have
the surface Rs:C¢® of trisecants of Cg, the surface Ry :C3*+Cs of bisecants of
C; which meet Cs, and the surface Ry:C3”+Cs’ of bisecants of Cs which meet
Cs. The 22 parasitic lines in the (x) space are (a) the 4 bisecants of C; through
O, which meet Cj, (b) the 4 bisecants of C; through O, which meet Cs, (c) the
7 bisecants of Cs through O, (d) the 7 bisecants of Cs through O.. The lines
of types (a), (b) correspond to parasitic conics in the (z) space through Q, or
Q: and meeting C¢ in 5 points. The lines of types (c), (d) correspond to para-
sitic lines which are bisecants of C¢ from Q, or Q,. The 8 trisecants of C¢
meeting }’ are parasitic and correspond in the (x) space to the 8 points
[Cs,,Ce].

The line / meets the surface Rs:Cé® in 8 points, hence 8 trisecants of Cs
meet /. Each of the planes determined by / and one of these trisecants meets
the F; containing the trisecant in a residual conic which is parasitic. The 8
conics go into parasitic cubics in the (z) space which have double points on
C¢ and pass through Q, Qz, and 5 points on C¢ . The surface Re:Cs"+Cs is
met by /in 12 points, hence 12 bisecants of Cs meet C; and /. In each of the
12 planes determined by these lines and  there is a parasitic conic which cor-
responds to a parasitic conic in the (z) space through Qi, Q», and 4 points of
C¢ . The two parasitic cubics with double points at O, or O; and through O,
or Orand 6 points of Cscorrespond to similar cubics in the (z) space. The Iy,
in the (z) space has 22 lines, 20 conics, and 10 cubics which are fundamental
curves of the second species.

5. Case II, O, is variable on a space cubic curve C;. We take a pencil of
cubic surfaces (parameter \) through a space cubic curve C; containing the
points O;=(1, X3, A% X), 0,=(0, 1, 0, 0), and having the equation

(px) x1 24
(6) Fs=| (¢gx) =x¢ %3 | =F{ —\F{' = (px)H, + (qx)H, + (rx)H, = 0,
(rx) x3 29
where (px) = pux1+ paxa+ psxs+ parxs, pi=p! —\p!’, etc., and H,, H,, H, are
quadrics through Cs. A point P(x) determines an Fj of the pencil and a defi-

nite point O; so that by the construction of §2 we can determine a point
P’(x"). A change of variables is made by
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Y1 = P2X¢ — @21,
y2 = p(x2 — 2Ax3 + Nxd) — (x5 — 2Axe + A2xy),
Y3 = X3 — Ny,

Ve = Xg — )\xl,

where p=\P —Q, ¢=\Q —R, P=p,+ p223+ psA2+pa\, etc. The planes y, =0,
y2=0 are the tangent planes at O, O, respectively, and the planes y;=0,
94=0 are a pair of planes through the line :0,+40,. The pencil of cubic sur-
faces is now of the form (1) and the transformation (2) gives I5.

The equations of the surfaces 4 =0, B=0, K =0 may be written in terms
of x; and y; as follows:

A = mp[p(PH, + QH, + RH,) + (33 — M) {M(p2) — M(gz) + p(rn)}]
— ya[m(ys — Nyd)(\gps — Mgz + prs) + py(Qp2 — Pgs)] = 0,

B = mp[m(p:H, + q:H, + r2H,) — yo{q2(px) — pa(g)}]
— y[m(ys — Ny (Agp2 — Mqs + prs) + py4(Qp2 — Pga)] = 0,

K = yi[p(PH, + QH, + RH,) + (ys — My {Mg(p2) — M(gx) + p(rx)}]
— ya[m(poH, + q2H o + 1H,) — 34l qa(px) — pa(rx)}] = 0,

where m=Np;—qs, M =\p+q. The surfaces A =0, B=0 are of the second
degree in x; and of degrees 16, 10 in A respectively. The surface K =0 is of the
third degree in x; and of degree 9 in A.

We transform the space (x) into a space (z) as was done in the latter part
of §4. A surface of the web in the (x) space goes into a surface of the web in
the (z) space such that in any plane through I’ there is a Bertini transforma-
tion of order 17. By this Iy the image of I’ is a C5:Q:1+Qz+6Q? which with 2’
makes up a Cq:8Q? that is the plane section of a sextic surface having Qi, Qs,
C¢ as double elements. This sextic surface is the transform of a quadric sur-
face through C; and tangent to F; at Oy, O.. This quadric which is the image
of C; and is of the sixth degree in X has the equation

ppeHp + pg2H o + (Npg2 — Ngp2 + qg2)H, = 0.

Any plane through /' is invariant under Iz, hence a pencil of surfaces of
the web in the (z) space is made up of the pencil of planes through !’ together
with the image surfaces of J’, Qi, Q. Since the image of Q; by the Iy in a
plane through 2’ is a Cs: Q2 +Q.2+6Q? and since 4 =0 is of order 16 in A,
the image of Q1 by the I in the (2) space is a surface of order 6+16=22 on
which 7’ is a 16-fold line with 3 sheets of the surface having contact along I’
The point Q, is 16+3 =19-fold; Q. is a 1642 =18-fold point; C¢ is a double
curve. In the same way we obtain the surfaces corresponding to Q; and !, and
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the invariant surface K. The table of characteristics of the Iy, is

UV~Fy: ™ +c?+Q§+d,
Or~Fay : " 4 ¢ +01 + 01,
Qwvme.““‘+c¢-+e?+ei

13

Co~Fug: 1" 4+ Co° + Ql + Qs ,
Sy~ St 13 et +Ql +Qz,
Ki: ™ +¢& +01" +07,

where the coefficient of ¢ indicates the number of fixed tangent planes at a
point of '.

In determining the number of parasitic lines, conics, and cubics the meth-
ods in the previous section have to be changed when the variable point Q)
is involved. There are 7 bisecants of C¢ through Q. and 8. trisecants of C¢
meeting }’ which are parasitic. In any plane X through J’ the 15 bisecants of
C¢ meet !’ in 15 points u; through any point u on !’ the 7 bisecants of C¢
determine 7 planes A through ’. The number of coincidences in the (A, )
correspondence is 1547 =22, and hence in 22 _positions of Q, a bisecant of
C¢ can be drawn from Q, in the plane through J’ associated with Q,. These
bisecants are parasitic lines.

There are 4 conics through Q. and 5 points of C¢ in planes through I’
which are parasitic. In any plane N through 2’ the 6 conics through 5 points
of C¢ meet ' in 12 points u; through any.point u on !’ the 4 conics through 5
points of C¢ lie in 4 planes X through !’. There are 1244 =16 coincidences in
this (A, u) correspondence and therefore 16 positions of Q, such that Q; and
5 points of C¢ lie on a conic in the plane through /" associated with Q;. In
any plane X through !’ the 15 conics through Q, and 4 points of C{ meet !’
in 15 points u; through any point u on J’ the 12 conics through Q: and 4 points
of C¢ lie in 12 planes A through . The 15412 =27 coincidences of this (\, u)
correspondence determine 27 positions of Q; such that Q,, Q., and 4 points of
C¢ lie on a conic in the plane through /’ associated with Q,. These 47 conics
are all parasitic.

There are 2 values of A given by m =0 for which the tangent plane to Fs
at O; contains O,, and there are 5 values of A given by p =0 for which the tan-
gent plane to F; at O contains O,. In each of these 7 planes there is a cubic
with a double point at O: or O, and passing through O, or O, and 6 points of
Cs. These 7 cubics correspond to 7 similar cubics in the (2) space. In any
plane X through !’ there are 6 cubics with a double point on C¢ and through
Q: and the 5 remaining points of C¢. These 6 cubics meet !’ in 12 points u.
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Through any point u on }’ there are 8 cubics with a double point on C¢{ and
through Q. and the other 5 points of C¢ . These cubics lie in 8 planes X through
U so that there are 1248 =20 coincidences in the (A, u) correspondence and
20 positions of Q, such that Q,, Oz, and the 6 points of C¢ lie on a cubic with
a double point at one of these latter points. These cubics lie in planes
through !’ associated with the positions of Q,. There are then 37 lines, 47 con-
ics, and 27 cubics which are fundamental curves of the second species in the
I 38

6. Case III, O;, O; are both variable on a space cubic C;. To illustrate
the case where the points Oy, O, are variable on a rational curve which is part
of the basis curve of a pencil of cubic surfaces we again utilize a rational
space cubic. Other rational curves might be considered and other arrange-
ments of the points Oy, O, might be used, but the transformations obtained
resemble the I, in Case IT and the I;, derived in the following case.

The points Oy=(1, u?, p?, u), O:=(1, —pu?, %, —u), where A =pu?, lie on the
Cs which with Cs makes up the basis of the pencil of cubic surfaces Fs given
by (6). A change of coordinate system is made by

y1 = (22 + 2uxs + pixe) — §(xs + 2uxd + pixy),

y2 = p(x2 — 2puxs + pixe) — q(xs — 2uxi 4+ pix),

ys = %2 — pixe,

Yo = %3 — plxy,
where p=uP —Q, ¢q=pQ—R, P =p1+ pp®+ pspu®+ pap, etc., and the dashed
letters indicate a change of sign in p. The surface F; is now in the form (1)
and the involutorial transformation (2) is determined. We have the following

expressions for 4, B, K written in terms of x; and y; for the sake of concise-
ness:

A=4"M M [M(PH,+QH + RH,) — (y5—uy) { —nq(pz)+M(qx)— p(rx) } ]
+y2[ys{ M (uPq— QM +Rp)+ M(—uPi—QM+Rp)}
+uyel — M (uPqg—QM+Rp)+M(—pPi—QM+Rp)} ],
B=4u*MM [M (PH,+QH ,+RH,) — (ys+uyd { ng(px)+ M (gx) —p(rx) } ]
+y1[ys{ M (uPqg—QM+Rp)+M(—pPi—QM +Rp)}
+uyi{ — M (uPg—QM+Rp)+M(—uPi—QM+Rp)} ],
K=y,[M(PH,+QH +RH,)—(ys—uyd { —ug(px)+ M(qx)—p(rx)} ]
— 2 [M(PH ,4-QH +RH,) — (y3+nyd) { d(px) + M (gx) —p(rx) } ],
where M =pp-+gq.
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The surfaces A =0, B=0 are of order 2 in x; and of order 13 in u? after the
removal of a factor u%. The invariant surface K =0 is of order 9 in u? and of
order 3 in x;. The image of C; which is the quadric which contains C; and is
tangent to F; at Oy, O, is of order 6 in p? and has the equation

(pM — pM)H, + n(pG + ¢p)H, + (@M + ¢M)H, = 0.

The table of characteristics of the I in the (z) space may be obtained as
in Case II and with the same results except that the images of the points
Q1, Q2 combine and the joint image is

Q1,09 ~ Fus: 1" + €1 + (01,00

In any plane N through ' the 15 bisecants of C¢{ meet }’ in 15 points p;
through any point u on 2’ the 7 bisecants of C¢ determine 7 planes A through
V. In the correspondence (A, ) there are 15+7+7 =29 coincidences since
A=u2, and hence in 29 positions of the pair of points @, Q; a bisecant of C¢
can be drawn from one of them in the plane through I’ associated with the
pair. There are 8 trisecants of C¢ which meet . These 37 lines are parasitic
in T 51.

In any plane X through !’ the 6 conics through 5 points of C¢{ meet I’ in
12 points p; through any point p on 2’ the 4 conics through 5 points of C¢
lie in 4 planes \ through /. The number of coincidences in the (A, u) corre-
spondence is 124444 =20 and hence in 20 positions of the pair of points
1, Oy, one of the pair and 5 points of C¢ lie on a conic in the plane through
I’ associated with the pair. In any plane \ there is a pencil of conics through
each of the 15 sets of 4 of the 6 points of C¢. Each pencil determines an in-
volution on !’ which has one pair in common with the involution of points
1, hence 15 pairs of points u? are determined. Given any pair of points u? on
I’ there are 12 planes \ through !’ in which there are conics through the pair
u? and 4 points of C¢. In the correspondence (A, u?) the 15412 =27 coinci-
dences fix 27 positions of the pair Qi, Q. such that conics in the associated
planes pass through them and 4 of the points of C¢ .

The 7 values of X given by M M =0 determine 7 planes tangent to F; at
O, or O, which pass through O; or O;. From the associated F; each of these
planes cuts a cubic with a double point at O, or O, and passing through O, or
O, and 6 points of Cs. These 7 cubics correspond to similar cubics in the (z)
space which are parasitic in the Is. In any plane N through J’ there are 6
pencils of cubics through the 6 points of C¢ and with a double point at one
of them. Each pencil determines an involution of the third order on !’ which
has 2 pairs in common with the involution of points u, hence to a X correspond
12 pairs of points u% Given any pair of points u? on J’ there are 8 planes A
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through I’ in which there are cubics through the pair u? and 6 points of C¢
and which have a double point at one of the points of C¢ . The correspondence
(A, u?) has 1248 =20 coincidences which determine 20 positions of the pair
Q1, Q: such that in the associated plane there will be a cubic through @, Q.
and the 6 points of C¢ and having a double point at one of the points of C¢ .
Hence as in Case IT we have 37 lines, 47 conics, and 27 cubics which are fun-
damental curves of the second species in the I;;.

7. A Bertini transformation on a cubic variety in S,. In a space of four
dimensions we take a cubic variety V; with a double point at 0;=(0,0, 0,0, 1)
and through the points 0,=(1, 0, 0, 0, 0), 0.=(0, 1, 0, 0, 0). The equation of
the variety is

Vs = o5 + ¢35 =

where ¢, ¢s are quaternary forms in 1, #,, &3, x4 with the x#, 2 terms missing
in ¢s. The conics tangent to V; at the points Oy, O; meet V3 in two residual
points P, P’ which are conjugate points in a Bertini involution Jz on V.
This involution can be mapped on the 3-space 25 =0, and a Bertini involution
I in 3-space is thus determined. The hyperplane x; =0 meets V5 in the cubic
surface ¢s=0, and meets the tangent hypercone to V; at Os in the quadric
¢2=0. The surfaces ¢»=0, ¢s=0 meet in a sextic curve Cs of genus 4. Any
plane 7 through the line 0,0, meets Cs in 6 points R which lie on a conic. The
hyperplanes through O,, O; are invariant under Jg, and the planes = are in-
variant under I 5. Since the 6 points R lie on a conic in each plane =, the Ber-
tini involution in such a plane is degenerate and of the form I15:0:°+0,°
+6R*, with an invariant curve k;:0¢# +02 +6R?. The I in the space x;=0
has the characteristics

O1~Fs: 0y +0; +Cs,
Oy ~Fs: 01 + 05 + Cs,
12 12 7

Ce~Fy: O1 + Oz + Cs,

Sy~ Si: 0% + 05 + Cs,

K::0;1 +0; +Cs.

The 6 bisecants of Cs from O, and the 6 from O, are parasitic lines in I
and correspond to lines on the V; through O, or 0. To determine the number
of parasitic conics we must find the number of conics which lie on V; and pass
through O, and Oy, since in any such conic the construction used to determine
J s will fail in the sense that to a point on the conic corresponds the whole

conic. By a proper choice of coordinate system we can write the equation of
any cubic variety in the form
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(7) ©1%2 + %122 + 021 + bxs + cxr%a +d = 0

where a, b, ¢, d are ternary forms in x3, x4, 25. The left hand member of (7)
can be factored as follows:

y (2122 + b) (%1 + 22 + ¢),
i
8) a—b=0and ac—d = 0.

Equations (8) represent two hypercones of the second and third orders re-
spectively whose rulings are planes. The 6 planes common to the two hyper-
cones cut conics from the cubic variety through the points Oy, O,. Hence there
are 6 fundamental conics of the second species in the /;; besides the 12 lines:
of the second species.

8. A family of space Bertini transformations. A net of planes m=\u,
+Nax2+ 523 =0 through the point (0, 0, 0, 1) and a net of cubic surfaces

1

9) Fy = x(a%)? + 2:22(b%) = MFs + NoF3 + \oFs'' = 0,

where (ax)? and (bx) are quaternary forms in 1, %3, 23, 24, and

11

ai; = Mai; + )\2‘1::‘ + )\aa:‘:‘,, and b; = Myb; + Nab? + Agbi )
through the lines /=2, =x,=0 and /;=x,=x,=0 may be used to determine
a transformation of the Bertini type. A point P(x) determines a set of A\; and
hence a plane = and a surface F;. The plane = cuts the lines /, /; in a pair of
points O1(As, 0, —\;, 0), 05(0, s, —\g, 0). The conic through P(x) and tan-
gent to F; at O, and O, will meet F; in a residual point P’(x") which is the
conjugate of P(x) in an involutorial transformation I.
If we make the linear transformation

Y1 = NsBax1 + Aax,,

y2 = NgBi1x2 + A1xq,

3 = Mi%x1 + Nexz + Asxs,

Yo = X4
where
By = bi\s — ba)\l,

Bz = bahs — b3k,
2 2
A1 = a1 s — 2a130 3 + 033)\1,
2 2
Az = @23\s — 2a238o\s + a3z,

then equation (9) is in the form of (1), and the transformation (2) may be
used to obtain
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x = B1B(Bys — A24y4),
%7 = B2A(Ay, — A1Byy),
xs’ = — BIB(Byz - Asz4) - BzA(Ayl - AlByd))

x{ = N3sB1B2ABy,,
where

A = Biyy: + Bayd[41Bs + 20:Bi(a1hs — a36h)
+ A1B1(2a13M2\5 + 2a23M1hs — 2012)\: — 2a33M\iN2 — bq)\:)],
2 2
B = Bsyyiy: + Bl)’«[A:Bx + 2)\:3:(024)\3 — a3e\s)
+ Asz(Zals)\g)\a + 2033X1X3 bl ZGlzX: - 2(133)\1)\2 bt b4X:)] .
The \; are now replaced by
A = ¢y = xoF3" — xFy’,
e = ¢g = x3F] — miFy",
As = @3 = x.F3’ — xF].
The quartic surfaces ¢; =0 have in common the lines,, /;, and a residual curve
Cu of order 11 and genus 14. The surfaces 4 =0, B=0 which are the images
of the lines /;, /; are of order 8 in ¢; and 2 in x; after a factor ¢# is removed.
The factor ¢s*B1B: can be removed from the transformation, and the invari-
ant surface K=y:4 —y,B=0 has the factor ¢;# B.B;. The characteristics of
the transformation are
h~Faih + 10 +Cu,
lo~Fa: lio + 1;1 + C:;,
C11 ~Fay: lie + l;w + C:Z,
Si~Se il +1 +Cn,
Kuw:li +15 +Cu.

The x parasitic lines of I are trisecants of Cy; which meet either /; or /.
Since Ci; meets /; in 4 points there are 7 residual intersections R; in a plane
through /. In any such plane a line R;R; meets /; in a point P, and through
each of R; and R; pass 5 other bisecants of Ci; meeting /, in 10 points Q. If
K is the number of bisecants of Ci; through any point of /;, the points P, Q
are in (104’, 10%’) correspondence. The 204’ coincidences are determined by

the x trisecants of Cy; meeting /,, the 7’ tangents of Ci; meeting /;, and the 4
tangents to Cy; where it meets /;. Hence

» 204" = 6x + 5r' + 30-4.
Since the Cy, is of class r =48 and has £=31 apparent double points, then
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h'=h—4-3/2=25,and 7’ =r—2-4=40. These values make x =30, but among
the 30 trisecants the line /;, which is a quadrisecant, is counted 4 times. Hence
there are 26 trisecants of Cy; meeting /; and 26 more which meet /5. These 52
lines are the parasitic lines of the transformation 7.

Let y be the number of parasitic conics and z be the number of parasitic
cubics of 7. The complete intersection of two surfaces of the web of. Sy is
made up of ’

69 = 69 + 222 4 222 4 11-16% + 52 + 8y + 273,
and the complete intersection of an Sg and the Ky is made up of
69:27 = 27+ 9-2249-22 4 6-16-11 4 52 + 4y + 92.

The solution of these equations is y =45, =18, whence we can conclude that
the fundamental curves of the second species in I consist of 52 lines, 45 con-
ics, and 18 cubics.

9. A family of space Geiser transformations. If F,=0 is a surface of or-
der n with an (»—2)-fold line /=x53=x,=0, the equations

(10) 7 = Mx1 + Nax2 + Agxs = 0,

(11) Fp = axy + bxs + 2hx12s + 2f%s + 2821 + ¢ = MFL + AFo + MFY = 0,
where a=Ma’+N\a’'+Nsa’”’  etc., and @', a”’,a’", etc., are binary forms in %,
%4, define a net of plane curves C, of order » with an (n—2)-fold point
Q=(A\z, =\, 0, 0). A line through Q and a point P(x) on C, meets it in a re-
sidual point P’(x’), thus defining an involutorial transformation 7 having the
invariant net of surfaces

kip1 + kops + ksds

e

= kl(x2Fn

124

— %3F)) + ka(xsFs — 21Fn") + ks(x:Fn — 22F0) = 0.

The pencil of planes p =x,—ux; =0 through / are invariant under 7 and in
any such plane F, takes the form

(12) ax1 + by + cxty + 2hxixs + 2fxaxs + 21128 = O,

where the coefficients are polynomials in u. This net of conics enables us to
map 7 on a double space S(A;:N2:Ns, ). A plane

(13) mixy + maxg + msxs + mexe = 0

is mapped on .S by eliminating x; between (10) and (13) and using x, = ux;.
The values of x; thus obtained are substituted in (12) giving
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a(mehs — Mishe)? + b(Msh1 — miks)? + c(mihg — ma\y)?
+ 2k(maNs — Mshe) (ishy — MmiNs) + 2f(Wsh1 — miNs)(miha — ma\y)
+ 2g(maNs — Mish2)(miNa — mah1) = 0, where iz = m3 + umy,
which must be identical with
(m1xy + mazxs + maxs + mox) (max! + moxd + myxd + mexl) = 0.

From this identity we have

21l = B\s — 2f s + Qh,
xaxd = oA — 2 gXl)‘a + ahs,
2sxd = ahs — 2h\As + B,
x{ = puxi.
If we replace u by x4/x; and \; by ¢; we have the transformation 7 in the form

x12] = b¢2a — 2fo203 + c¢:,
’ 2 2
Xa%s = c1 — 2813 + ads,
xd = za(ads — 2hna + bga),
xd = xc(ad’: — 2h¢12 + b;l’;),
where x,, x; are factors of the first two equations respectively. The surfaces
¢:=0 are of order #-+1 and have / as an (n—2)-fold line. The residual basis
curve of the net of ¢, is a Cs.—s of order 5z —3 and genus 12# —19 through the
point (0, 0,0, 1). The image of /in I is the surface L =a¢s* —2hp1¢pa+bpp2 =0,
which is of order 3 in ¢, and of order »—2 in #3, x,. The image in S of the in-
variant surface K has the equation

e kB g M\
B b £ N
2 - 0’
F4 f c s
M X A O

which corresponds to K2 in the space (x). Hence X is of order 2 in ¢; and of
order # —1 in x3, x,. The table of characteristics of 7 is

an—1 3

b~Lgpyr il + Csn—s,
12n—18 8

Con—s ~Fianys: 1 + Csn—s,
in—8 3

S1N54n+2 : l +CBn—8,

3n—5

Kanyr 11 + Chns.
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In any plane p through / there is an ordinary Geiser transformation,
therefore the Cs.—s meets such a plane in the 7 fundamental points R; of the
Geiser transformation and in 5% — 10 points on /. The section of Cs.—s by the
plane x;=0 is the point (0, 0, 0, 1) and 6 points lying on the conic x;=0,
F.'" =0. Hence on this plane the Geiser transformation degenerates and the
conic is parasitic for I.

The x parasitic lines of I are trisecants of Cs.—3 meeting /. Since Csn—s
meets any plane p in 7 points not on / the method of §8 may be used in deter-
mining the number of trisecants of Cs,—s which meet /. The number x =157 —15
is obtained from the equation

20K" = 6x + 5’ 4+ 30(5» — 10),

where r'=24n—26, and &’ =181 —26. Therefore the fundamental curves of
the second species for I consist of 15#2—15 lines and one conic.
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